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Abstract
Intense ultrashort laser pulses propagating through an underdense plasma are
able to drive relativistic plasma waves, creating accelerating structures with
extreme gradients. These structures represent a new type of compact sources
for generating ultrarelativistic, ultrashort electron beams. This chapter covers
the theoretical background behind the process of LWFA. Starting from the ba-
sic description of electromagnetic waves and their interaction with particles,
the main aspects of the LWFA are presented. These include the excitation of
plasma waves, description of the acceleration phase and injection mechanisms.
These considerations are concluded by a discussion of the fundamental limits
on the energy gain and scaling laws.
Keywords
High-intensity lasers; realtivistic laser-plasma interaction; laser-wakefield ac-
celeration.
1 Introduction
The development of high power laser systems has enabled new approaches for generating relativistic
electron beams. In a Laser-Plasma Accelerator (LPA) a transient accelerating field configuration is
formed when a high intensity laser pulse propagates through a plasma. Its ponderomotive force, caused
by its strong intensity gradients, deflects the electrons from their equilibrium position while the ions
remain at rest. Their space-charge force causes the electrons to oscillate and constitute an electron den-
sity wave with strong longitudinal electric fields. Since the phase velocity of this plasma wave matches
the group velocity of the laser pulse in the plasma, trapped electrons stay in phase with this wave for
an extended period of time and can be effectively accelerated to ultra-relativistic energies. This wave
structure (termed “wakefield”) exhibits up to four orders of magnitude higher acceleration gradients than
those achieved in conventional radio-frequency accelerators, thus drastically reducing the acceleration
distance to reach a given energy. Not only the reduction in size, and consequently, cost of LPAs are
promising, but also their unique properties regarding such important quantities as electron bunch dura-
tion, current density and emittance. These and other key features have raised global interest in exploring
and developing laser-based sources as a powerful tool for medical, industrial and scientific applications.
The concept of a LPA in the LWFA regime was proposed over 35 years ago by [1]. In their pioneering
work they predicted that in a plasma, the strong transverse oscillating fields of an intense laser beam
can be efficiently “rectified” into longitudinal fields, capable of electron acceleration to GeV energies
within centimeters of plasma. The first LPA experiments were performed with rather long laser pulses of
nanoseconds to picoseconds by the plasma beat-wave accelerator scheme (PBWA) by [2] and in the self-
modulated LWFA regime by [3]. With the emergence of ultrashort high-intensity laser systems, the accel-
eration gradient could be improved from few GeV m−1 up to several hundred GeV m−1, accompanied
by a decrease in the transverse electron beam divergence in the so-called direct laser acceleration (DLA)
or forced laser-wakefield (FLWF) regime [4, 5]. All of these early LPA schemes had in common an ex-
ponential electron energy spectrum with only a fraction of the accelerated charge contained in the high
energy tail.
A breakthrough in this respect was achieved in the year 2004, as three groups [6–8] simultaneously
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reported on the production of high-quality electron beams. They were characterized by a high charge
(several 10 pC), a quasi-monoenergetic spectrum around 100 MeV and a few-mrad beam divergence.
These results marked the transition to a nonlinear regime of electron cavitation, termed “bubble” or
“blow-out” regime, that was predicted in simulations by [9]. Two years later, the 1 GeV barrier was
broken by increasing the acceleration length to a few centimeters in a laser guiding discharge capillary
[10–13]. Electrons approaching 8 GeV have been recently measured with more powerful laser systems
and enhanced guiding [14].
Further improvements, such as a high shot-to-shot stability in terms of divergence, energy and
beam pointing, were first demonstrated in a steady-state flow gas cell [15]. Control over the injection
process has led to a reduction in energy spread and additionally provided a knob for energy tuning.
Among others, successful injection schemes are colliding pulse injection [16, 17], density down ramp
[18] and shockfront injection [19, 20], as well as related techniques [21–23].
Simultaneously, the longitudinal and transverse electron phase space has been investigated. Mea-
surements have confirmed the few-femtosecond duration of typical LWFA bunches, up to date unrivaled
by conventional accelerators [24–26]. The transverse emittance has been determined to below 1 pi mm
mrad [27] and few-fs-exposure shadowgrams of the wake have provided more insight into the accelera-
tion process [24, 28]. A good introduction to experiments and theory of LWFA can be found in [29] and
into X-ray applications of LWFA bunches in [30].
Current research focuses on overcoming the dephasing limit on the maximum electron energy
gain. Staging of LWFAs has been demonstrated, where an electron bunch from one LWFA has been
successfully coupled into and gained energy in a second LWFA [31]. Likewise, driver/witness type ex-
periments as performed earlier with beams from conventional accelerators [32] are currently investigated.
Here, an LWFA bunch is used as the driver of the plasma wave, thus overcoming the dephasing limits.
Such experiments have shown that LWFA bunches are able to drive a plasma wave and can be effectively
decelerated in millimeter size plasma targets [33, 34].
2 Light-Matter Interaction
2.1 Fundamental Description of Light
Electromagnetic phenomena, such as generation and propagation of electric ( ~E (~x, t)) and magnetic
( ~B (~x, t)) fields and their interaction with each other as well as with charges and currents, are described
by Maxwell’s equations. Their differential form is given by [35]
∇ · ~E = ρ
0
, (1a)
∇ · ~B = 0, (1b)
∇× ~E = −∂
~B
∂t
, (1c)
∇× ~B = µ00∂
~E
∂t
+ µ0~j, (1d)
where ρ and ~j are the charge and current density of the medium and 0 and µ0 the vacuum permittivity
and permeability, respectively. Sometimes it is more convenient to express these equations by a scalar
potential φ and a vector potential ~A, which can be obtained from Maxwell’s equations1:
~E = −∇φ− ∂
∂t
~A, ~B = ∇× ~A. (2)
These electromagnetic potentials are not uniquely defined, and different solutions can lead to the same
electric and magnetic fields by a gauge transformation, which in principle amounts to specifying a value
for the term∇ · ~A. In the Coulomb gauge (∇ · ~A = 0), the two inhomogeneous Eqs. (1a) and (1d) yield
1with the use of the vector identities ~∇ · (∇× ~a) = 0 and∇× (∇φ) = 0 in Eqs. (1b) and (1c)
2
the potential form of Maxwell’s equations
∇2φ = − ρ
0
, ∇2 ~A− µ00∂
2 ~A
∂t2
= −µ0~j + µ00∇∂φ
∂t
.
The scalar potential represents a solution for Poisson’s equation and, once it is found, it can be used
to solve the equation for the vector potential. In vacuum, in the absence of charges and currents, one
possible solution is represented by a plane wave:
φ(~x, t) = 0, ~A(~x, t) = − ~AL sin(ωLt− ~k~x+ ϕL). (3)
The electric and magnetic fields ~E (~x, t) and ~B (~x, t) are derived from Eq. (2) to
~E (~x, t) = ~EL (~x, t) cos(ωLt− ~k~x+ ϕL), ~B (~x, t) = ~BL (~x, t) cos(ωLt− ~k~x+ ϕL). (4)
Here, ϕL is an arbitrary phase offset and ωL = 2pic/λL the angular frequency given by the wavelength
λL. ~EL and ~BL are spatially (~x) and temporally (t) confined envelope functions, which oscillate in
phase and are perpendicular to each other, ~E⊥ ~B. The wave vector ~k and the angular frequency ωL are
connected via the dispersion relation in vacuum
~k2 = ω2L/c
2. (5)
Moreover, ~E⊥ ~B implies that ~E⊥~k, ~B⊥~k, ~E⊥ ~A, and the amplitudes are related by | ~AL| = c/ωL| ~BL| =
1/ωL| ~EL|, i.e., the ~B-field component is c times smaller than the ~E-field.
2.2 Gaussian Beam Optics
The spatial profile of a laser pulse can be described by a Gaussian distribution. For a radial symmetric
profile with radius r the electric field of a monochromatic beam near the focal point can be represented
as [36]
~E (r, z, t) =
E0
2
e
− r2
w(z)2︸ ︷︷ ︸
1©
e
− (t−z/c)2
τ20︸ ︷︷ ︸
2©
cos (ωLt− kLz + ϕL)︸ ︷︷ ︸
3©
~epol + cc., (6)
where the first term 1© describes the radial envelope with the transverse 1/e radius of the beam w(z).
The second p art 2© represents the temporal envelope with τ0 as the pulse duration defined at 1/e-height
of the electric field, cf. Fig. 1(a). 3© is an oscillatory term containing the carrier angular frequency ωL
and ~epol is the vector describing the polarization of the laser pulse in the (x,y)-plane, i.e., ~epol = ~ex,y for
linear and ~epol = (~ex ± i~ey)/
√
2 for circular polarization.
The transverse radius of the beam evolves along the propagation direction with
w (z) = w0
√
1 + (z/zR)
2, with zR =piw20/λL, (7)
where w0 is the radius at 1/e-height of the maximum electric field and zR is the Rayleigh length, defined
as the distance from the waist w0 to the z-position at half the intensity. The interaction range defined as
twice the Rayleigh length is called the confocal parameter. It is marked as the shaded area in Fig. 1(b).
Far away from the focal plane, the corresponding divergence of the beam can be approximated by tan θ ≈
θ ≈ ∆w(z)/∆z = 2λL/(piw0). Here the origin can be considered as a point source, such that θ ≈
D/f ≡ (F/#)−1, where D is the diameter of the collimated beam, f is the focal length and F/# is
the f-number of the focusing optic. Equating these two expressions result in the spot size. In terms of
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(b) Spatial confinement of the 1/e2-irradiance (blue line)
near the focal spot with dFWHM ≈ 22 µm. The interaction
region is marked in light red, defined by the intensity I >
I0/2.
Fig. 1: Spatial and temporal profile of a Gaussian laser pulse at a wavelength of λL = 800 nm, W = 1 J and
tFWHM = 28fs focused in a F/22 focusing geometry.
the laser parameters, it is given by2
2w0 =
4λLf
piD
.
Note that the waist of the beam w0 and the pulse duration τ0 are related to the measured quantities
at FWHM of the temporal and spatial intensity profile via the spot size dFWHM =
√
2 ln(2)w0 and
the pulse duration tFWHM =
√
2 ln(2)τ0. From these quantities and the total laser pulse energy WL
the laser peak power P0 and the laser peak intensity I0 = 2P0/piw20 can be determined. For a Gaussian
pulse, as given in Eq. (6), they are
P0 =0.94
WL
tFWHM
, I0 =0.83
WL
tFWHMd2FWHM
. (8)
On the other hand, the intensity is defined as the cycle-averaged Poynting vector 〈~S〉 = 0c2〈 ~E × ~B〉.
For a linearly polarized pulse, it depends on the electric field via
IL = 〈|~S|〉T = 0c〈| ~E|2〉T = 0c
2
E2L. (9)
The peak magnetic and electric field can be expressed in terms of I0 (Eq. (8))
E0 = 2.7
√
I0[W cm
−2]
1018
λL[µm]× 1012 V m−1, B0 = 0.9
√
I0[W cm
−2]
1018
λL[µm]× 104 T m−1.
State-of-the art high-intensity laser systems readily reach intensities beyond 1019 W cm−2, correspond-
ing to field amplitudes of 1012 V m−1 and 104 T. These electric fields are several order of magnitude
higher than the binding fields within atoms, resulting in ionization and plasma formation in the focal
volume.
2Although the actual beam profile is rather closer to a super-gaussian beam, the use of Gaussian optics simplifies the ex-
pressions. For a top-hat beam, the spot size is dFWHM ≈ 1.03λLF/#.
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2.3 Plane Wave Interaction with Particles
With the high peak intensities delivered by current state-of-the-art laser systems, even the leading edge
of the laser pulse is strong enough to ionize matter nanoseconds to picoseconds before the arrival of
the peak. The intense part of the laser pulse therefore interacts with free charges.
2.3.1 Interaction with Single Electrons
The relativistic motion of an electron (with charge q = −e, mass me, velocity ~v and momentum ~p) in
the presence of an electromagnetic field is described by the Lorentz force [37]
d~p
dt
= −e( ~E + ~ve × ~B), (10)
and the energy equation
d
dt
(γmc2) = −e(~v · ~E). (11)
Here, γ is the relativistic factor and ~p the momentum. They are defined by
γ =
√
1 +
p2
m2ec
2
=
1√
1− β2 , ~p = meγ~v, (12)
where β is the normalized velocity β = |~ve|/c. For a subrelativistic case (~ve  c and | ~B| = | ~E|/c)
the cross product can be neglected and the Lorentz equation simplifies for plane waves Eq. (4) to
me
d~ve
dt
= −e ~E0 cos(ωLt− ~k~x+ ϕL). (13)
Integration with respect to time yields the quiver velocity ve. In the electric field ~E0 the electron can
reach a maximum value of ve,max = e| ~E0|/meωL.
A ponderomotive energy Wpond and potential Φpond can be associated with the quiver velocity by
averaging the kinetic energy over one optical light cycle.
Wpond =
1
2
me〈~ve2〉T = e
2 ~E0
2
4meω2L
= eΦpond. (14)
Once the quiver velocity approaches the speed of light c, the assumption |~v|  c breaks down
and the ~v × ~B term cannot be neglected anymore. The ratio of the mean quiver energy to the electron
rest mass is defined as a so-called normalized vector potential a0. It distinguishes the subrelativistic
(a0  1) and the relativistic regime (a & 1)
a0 =
e| ~E0|
meωLc
=
e| ~A|
mec
= 0.85
√
I0[10
18 W/cm2] · λL[µm]. (15)
For a TiSa-based laser system operating at a wavelength of λL = 800 nm, a0 = 1 is reached at laser
intensities of I0 ≈ 2.2× 1018 W/cm2.
For high laser intensities, both the electric and magnetic fields are responsible for the electron
motion. The electron trajectory in a plane wave consists of a drift in the z-direction with the velocity
vD/c = a
2
0/(4 + a
2
0) and Fig. 8 motion in the average rest frame of the electron, [37]. The net effect
after the transit of the laser pulse is a translation of the electron in the forward direction, but the electron
is at rest again. An acceleration in an infinite plane wave is therefore not possible, a phenomenon known
as Lawson-Woodward-theorem [38, 39].
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However, in a focused beam Eq. (6) the electron can gain energy in the following way: The strong
radial intensity gradient pushes an electron, initially located on the laser axis, to an off-axis location. At
this position it experiences weaker field amplitudes, and when the field reverses, the restoring force is
reduced. On average the electron is pushed out from high-intensity regions by the ponderomotive force
~Fpond = −e∇Φpond ∝ −∇(ILλ2L). The coupling of the laser to the electrons is mediated mainly by
this quasi-force, which can be derived from the second-order motion of electrons in the high gradients
of the light field [37]. In the linear regime it is convenient to describe Fpond via the normalized vector
potential a averaged over one laser cycle, i.e., for a Gaussian pulse a(t) = 〈a〉T = a0 exp[−(t/τ0)2] it
is given by3 [40]
~Fp =−mec2∇a
2
2
, ~Fp,rel =−mec2∇〈γ − 1〉 ∝ a. (16)
In the relativistic regime the ponderomotive force Fp,rel is usually defined by the gradient of the cycle
averaged electron gamma factor 〈γ〉. The associated maximal relativistic ponderomotive potential for
an electron initially at rest can be estimated in a linearly polarized wave by 4
Φp,rel =
mec
2
e
a0√
2
.
For example, at intensities of 8.8× 1018 W cm−2 (a0 = 2), the ponderomotive energy is
eΦp,rel ≈ 0.7 MeV. Therefore, a direct laser acceleration of electrons with Wel > 10 MeV us-
ing table top systems is suppressed. However, the corresponding ponderomotive force can excite
a plasma wave, which acts as intermediary and transforms the strong transversal fields of the laser into
longitudinal fields suitable for acceleration. The process of longitudinal acceleration is examined below.
3 Laser-Driven Plasma Waves
As discussed in the previous section the leading edge of the laser pulse ionizes the target medium, and
the intense part of the laser interacts with a plasma. Its ponderomotive force can then displace electrons
from their equilibrium positions and cause macroscopic regions dominated by space charge. In order to
understand these dynamics, it is necessary to consider the propagation of the electron-magnetic wave of
the laser in a plasma medium.
3.1 Electromagnetic Waves in Plasma
As it is impossible to treat each particle individually, the motion of electrons driven by an electromagnetic
wave in a plasma can be derived from a set of Eqs. (17) - (19). It consists of the Lorentz equation,
the continuity equation5 and Poisson’s equation6
Lorentz equation:
d~p
dt
=
(
∂
∂t
+ ~v · ∇
)
~p = −e[ ~E + ~v × ~B], (17)
Continuity equation:
∂ne
∂t
+∇(ne~v) = 0, (18)
Poisson’s equation: ∇2Φ = − ρ
0
= e
δne
0
, (19)
3Note that for a linearly polarized pulse a20 has to be replaced by a20/2.
4from Eq. (12) for p/mec = u⊥ as given in Eq. (33)
5derived from Maxwell’s Eq. (1a) and (1d) using the vector identity∇(∇× ~a = 0))
6a direct consequence of Maxwell’s equation (1a) and Eq. (2) in the Coulomb gauge (∇A = 0).
6
where ~p = meγ~v Eq. (12) is the momentum and δne = ne − ne,0 is the local density perturbation,
~j = −ene~v the current density and ρ = −eδne is the charge density, respectively.
3.1.1 Dispersion Relation in Plasma
If the electrons forming the plasma are expelled from their equilibrium position via the ponderomo-
tive force, they will be pulled back by the positive ions and oscillate around their initial position with
a characteristic frequency. This oscillation frequency can be derived from Eq. (17) considering small
amplitudes in a cold plasma, where the initial thermal energy of the electrons is ignored. The equation of
motion for the plasma fluid is given by ne,0me∂~v/∂t = −ne,0e ~E, where the quadratic terms have been
neglected.
It can be reformulated with Eq. (1d) and the vector identity∇× (∇× ~a) = ∇(∇ · ~a)−∇2~a to
−∇(∇ ~E) +∇2 ~E = µ0ne,0 e
2
me
~E + µ00
∂2 ~E
∂2t
.
For oscillating electromagnetic plane waves of the typeE ∝ eikLx−ωLt propagating in a uniform medium
(∇ ~E = 0) the above equation results in the dispersion relation of a cold plasma
ω2L = ω
2
p + c
2k2L with ωp ≡
√
ne,0e2
me0
, (20)
where ωp is the so called plasma frequency. For ωL = ωp a critical density can be defined
ne,c ≡0me
e2
ω2L, ne,c =
1.1
λ2L[µm]
1021 cm−3.
In plasmas with densities ne>ne,c (ωp>ωL), the characteristic time scale of the plasma is shorter than
the optical period of the light wave and the electrons can follow the field oscillation, shield the inside of
the medium and the laser is reflected. The medium is referred to as overdense. In contrast, the plasma is
called underdense for plasma densities ne<ne,c. and the electrons cannot follow the incoming radiation,
allowing a propagation of the wave. The corresponding phase and group velocities vph and vg of the light
wave are given by the refractive index η and Eq. (20):
vph ≡ωL
kL
=
c
η
, vg ≡∂ωL
∂kL
= ηc, where η =
√
1− ω
2
p
ω2L
< 1. (21)
The phase velocity of the wave in the plasma is set by its driver, i.e., by the group velocity of the laser
pulse. The associated relativistic gamma factor of the wave γp is accordingly given by
γp =
1√
1− (vgc )2 ≈
ωL
ωp
. (22)
3.2 Modulation of Intense Light Pulses in Plasma
At high intensities (a0 & 1) the laser modifies the plasma density (and electron mass) via the pondero-
motive force. This in turn changes the local refractive index and leads to a phase modulation of the pulse,
giving rise to intensity-dependent propagation effects.
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3.2.1 Relativistic Self-Focusing and Guiding
In an underdense plasma, the electrons are driven to relativistic energies by the strong laser fields. This
modifies the plasma frequency via the relativistic mass increase as well as via the density perturbation
by the ponderomotive force:
ω2p,rel ∝
ω2p
γ
ne
ne,0
. (23)
According to Eq. (21) this change also modifies the index of refraction η. In general, as the trajectory
of the electrons is mainly determined by their quiver motion (γ =
√
1 + a2), the refractive index can be
approximated as [40]
η(r, z) ≈ 1− 1
2
(
ωp
ωL
)2(
1− a
2(r)
2
+
δne(r)
ne,0
+
∆next(r)
ne,0
)
. (24)
Here, δne(r)/ne,0 refers to the radial density perturbation by the ponderomotive force and leads to
ponderomotive self-focusing. Similarly, ∆next(r)/ne,0 accounts for a pre-formed plasma channel, as
can be formed by an axial discharge or an auxiliary laser pulse.
The first term, a2(r)/2 describes the influence of the electron gamma factor γ⊥ on η. For a laser
intensity profile peaked on axis, ∂a2/∂2r < 0, it leads to a reduced index of refraction on axis ∂η/∂r < 0
causing relativistic self-focusing (SF). This term counteracts the natural diffraction; thus, the laser pulse
can be guided and sustain high intensities over several Rayleigh lengths. The threshold for the rela-
tivistic self-focusing can be found by balancing self-focusing with diffraction, leading to the condition
(a0kpw0)
2 ≥ 32, which can be associated to a critical power7 Pc [41, 42]
Pc =
8pi0m
2
ec
5ω2L
e2ω2p
= 17.4
ω2L
ω2p
[GW]. (25)
In presence of SF, the spatial evolution of a Gaussian pulse as given in Eq. (7) has to be modified [29]
w(z) =
√
1 +
(
1− P
Pc
)
z2
z2R
.
A laser pulse with a power P focused to a spot size w in a plasma diffracts for P < Pc, remains
guided for P = Pc and is focused for P > Pc. A ‘catastrophic’ focusing is prevented by higher
order effects [43, 44]. Such self-guiding effect has been experimentally observed in plasmas over
several Rayleigh lengths [45]. It is most effective when the spot size matches the blow-out radius,
cf. Section 4.3. For typical experimental parameters (ne,0 = 5× 1018 cm−3), the critical power is
Pc ' 6 TW, which is significantly smaller than the power provided by current laser systems.
3.2.2 Temporal Pulse Modification
The changes of the refractive index in propagation direction ~ez can be written in a similar form as its
transverse variation. With the co-moving coordinate ξ = z − ct the refractive index is given by [41]
η(ξ) ≈ 1− 1
2
(
ωp
ωL
)2(
1− a
2(ξ)
2
+
δne(ξ)
ne,0
− 2δω(ξ)
ωL
)
,
where the first term is identified with the longitudinal variation of the laser intensity. The last term
δω/ωL accounts for the change in the laser frequency across the laser pulse and describes the evolution
7keeping in mind that PL = piw02 IL =
piw0
2
pi20m
2
ec
5a20
e2λ2
L
8
of the pulse chirp. The modulation in frequency follows the local change in the refractive index via [41]
1
ωL
∂ω
∂τ
= − 1
η2
∂η
∂ξ
.
For Gaussian pulses, the gradients at the leading (falling) edge of the laser pulse will be red (blue) shifted
causing a broadening of the spectrum, which is known as self-phase modulation (SPM). The density
change δne(ξ) results in a varying local index of refraction. For a positive density slope, as encountered
by the pulse in a typical LWFA experiment, the group velocity at the front of the pulse experiences
a deceleration, while the tail sees an acceleration. Such pulse shortening effects have been observed in
experiments [46, 47] and can be approximated as
τcomp = τ0 − ne,0l
2cne,c
, (26)
where l is the propagation length in the plasma and τ0 and τcomp are the pulse durations before and after
the interaction with the plasma. The variation of η also modifies the group and phase velocity (21).
vph=
c
η
≈c
[
1+
ω2p
2ω2L
(
1−〈a
2〉
2
+
δne
ne,0
− 2δω
ωL
)]
, vg=cη≈c
[
1− ω
2
p
2ω2L
(
1−〈a
2〉
2
+
δne
ne,0
− 2δω
ωL
)]
.
The combined effect of SF and SPM is a focusing and compression of the pulse, boosting its intensity.
Since the ponderomotive potential causes a repulsion of electrons from regions of high intensity, the net
effect looks as it the electron inertia would "squeeze" the laser into a smaller, more intense bullet of light.
3.3 Excitation of Plasma Waves
A laser pulse excites a plasma wave by displacing electrons from their equilibrium position. In
the Coulomb gauge (∇A = 0), the Lorentz Eq. (17) in terms of the electromagnetic potentials reads:(
∂
∂t
+ ~v · ∇
)
~p = e
[
∂
∂t
~A+∇Φ− ~v ×∇× ~A
]
. (27)
In addition, using the vector identity ∇p2 = 2 [(~p · ∇)~p+ ~p× (∇× ~p)] and ∇p2 = m2ec22γ∇γ (ob-
tained from Eq. (12)) yields
mec
2∇γ = (~v · ∇)~p+ ~v × (∇× ~p).
The term on the left represents the driving term, i.e., the ponderomotive force as introduced in Eq. (16).
Inserting the above expression into Eq. (27), the equation of motion can be expressed as
∂~p
∂t
= e∇Φ + e∂
~A
∂t
−mec2∇γ (28)
Here, ~v ×∇× (~p− e ~A) is set to 0, indicating that the electrons are only driven by the vector potential.
This can be understood by realizing that the curl of Eq. (27) leads to ∂(~p − e ~A)/∂t = ~v × (∇ × (~p −
e ~A)). Therefore, the canonical momentum ~p − e ~A = 0 remains zero for all times if there is no initial
perturbation of the plasma and the electrons initially have zero canonical momentum (~p0−e ~A0 = 0) [48].
This equation states the starting point for exploring the solution of the linearly and nonlinearly driven
plasma waves. Moreover, for the upcoming derivations it is convenient to use normalized quantities
β = ~v/c, ~a0 =
e ~A
mec
, φ =
eΦ
mec2
, γ =
E
mec2
, ~u =
~p
mec
. (29)
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Fig. 2: 3D linear wakefield quantities in the moving co-ordinate system created in the focus of a laser pulse
(a0 = 0.2, tFWHM = 28 fs and dFWHM = 22 µm) for a plasma density of 2× 1018 cm−3.
and to introduce a coordinate transformation to a frame moving with the laser pulse at a speed vg.
The new variables (ξ, τ) are given by ξ = z − vgt and τ = t and their partial derivatives are:
∂
∂z
=
∂
∂ξ
and
∂
∂t
=
∂
∂τ
= −vg ∂
∂ξ
vg→c≈ −c ∂
dξ
. (30)
3.3.1 Linear Regime
An analytical solution for small laser intensities (a0  1) and weakly perturbed plasmas (δne  ne,0)
can be derived from the continuity and Poisson Eqs. (18), (19). The solution for the scalar potential φ,
yields for a Gaussian laser envelope a = a0 exp(−ξ2/(cτ0)2) exp(−r2/w20) after the laser transit
φ(r, ξ)=−f(r) sin(kpξ), f(r)=a20
√
pi
2
kp
4
cτ0 exp
(
−2r
2
w20
)
exp
(
−(kpcτ0)
2
8
)
. (31)
From the definition of the scalar potential φ, Eq. (2) and Poisson’s Eq. (19), the electric field and
the electron density are given as:
Ez
Ep,0
=− 1
kp
∂φ
∂ξ
,
Er
Ep,0
=− 1
kp
∂φ
∂r
,
δne
ne,0
=
1
k2p
∂2φ
∂ξ2
. (32)
Ep,0 denotes the cold nonrelativistic wavebreaking field (see Eq. (38)). The solution for the trans-
verse and longitudinal electric fields as well as the density perturbation excited by a weak Gaussian
laser pulse (a0 = 0.2) are displayed in Fig. 2. The response of the normalized plasma quantities
is linear (Fig. 2(a)). The wakefield radius is determined by the focal spot size. Figure 2(b) denotes
alternating phase regions where the wake is either accelerating/decelerating or focusing/defocusing.
LWFA takes place where focusing and accelerating phases coincide, i.e. in the shaded phase inter-
vals with a width λp/4. The peak wakefield potential is determined by the laser intensity and pulse
duration: φ ∝ a20τ0. For a given electron density ne,0, the wave is driven resonantly (φ → φmax) for
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a pulse duration of toptFWHM [fs] ≈ 41.2(ne,0[1018 cm−3])−1/2, corresponding to a laser pulse length of
LFWHM = 0.37λp. This requires short laser pulses for electron acceleration at a plasma wavelength
of λp[µm] = 33.4(ne,0[1018 cm−3])−
1/2. The accelerating and focusing fields in this weakly relativistic
regime reach gradients of GeV m−1 at a0 = 0.1, and further increase with laser intensity. For a0 → 1
the wave cannot be treated by linear perturbation theory anymore.
3.3.2 Non-linear Regime
At high intensities (a0 > 1), the plasma response becomes highly nonlinear and has to be treated non-
perturbatively. The general case of arbitrary pump strengths has no 3D-solution, and reduced models
only have limited predictive power. Therefore, phenomenological scaling laws based on 3D particle-
in-cell (PIC) simulations [49–51], see also Section 4.5, are employed. However, analytical solutions
exist in the 1-D spatial case [52, 53], that can explain certain aspects of nonlinear plasma waves and
help understanding their properties. In 1-D space, the 3-D electron momentum can be decomposed into
a longitudinal z-component and a transverse component in the (x,y)-plane. The equation of motion in
both directions can be derived [37] from Eqs. (10) and (11):
d ~p⊥
dt
= e( ~E⊥ + ~vz × ~Bz) = ed
~A⊥
dt
,
dE
dt
= c
dp‖
dt
.
Integration for an initially resting electron yields for the transverse and longitudinal momentum
~p⊥ = e ~A⊥ ⇔ ~u⊥ = γ ~β⊥ = ~a, (33)
E − cp‖ = mec2 ⇔ γ − 1 = u‖. (34)
As in the linear case, the solution for the wake potential φ for an arbitrary pump can be deduced from
Eq. (28), the continuity Eq. (18) and Poisson’s Eq. (19)
∂2φ
∂ξ2
= k2pγ
2
p
βp(1− 1 + a2
γ2p (1 + φ)
2
)−1/2
− 1
 . (35)
The above nonlinear ordinary differential equation can now be solved for the potential φ. The electric
field and density perturbation are again obtained from Eq. (32). For a linearly polarized square pulse
with vg → c the scalar potential φ0,max and the peak electric field E0,max are given by [54]:
φ0,max ≈ a20/2, E0,max = Ep,0
a20/2√
1 + a20/2
. (36)
For an arbitrary pulse envelope a(ξ) the potential, the field and the density are obtained numerically.
The solution for a Gaussian laser pulse in the linear (a0 ≈ 0.4) and nonlinear (a0 ≈ 2.1) regime are
given in the top panels of Fig. 3(b). While nearly sinusoidal in the linear case, the non-linear density
distribution exhibits narrow peaks with a periodicity of λp,rel > λp, separated by low-density regions.
The electric field has a sawtooth shape and is linear over most of the period. The non-linear plasma
wavelength λp,rel inceases with a0. For a squared pulse and γp  1, the solution for λp can be found
analytically [29]
λp,rel = λp

1 + 316
a20√
1+a20
for a20  1
2
pi
[
a20√
1+a20
+
√
1+a20
a20
]
for a20  1
. (37)
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3.4 Wavebreaking
The strength of the accelerating field defines the maximum energy gain for a fixed acceleration length. It
depends on the density perturbation δne/ne,0 of the plasma electrons in the density peaks. With increas-
ing driver strength, the speed of the background electrons can exceed the phase velocity of the plasma
wave, leading to a breakdown of the wakefield structure called longitudinal wavebreaking. The corre-
sponding maximum field Ewb limits the validity of the fluid plasma model.
In the linear regime, Ewb can be estimated by assuming that all electrons of the wave (δne = ne,0)
oscillate with ωp. Solving Eq. (1a), ∇‖E ≈ − e0ne,0 yields the cold, nonrelativistic wavebreaking
field [55]
Ewb = Ep,0 =
mecωp
e
, Ep,0[GV m
−1] = 96
√
ne,0[10
18 cm−3]. (38)
For relativistic fluid velocities nonlinear plasma waves can easily exceed Ewb. The analytic solution
can be found if the electron density becomes singular in Eq. (35) (∂
2Φ
∂2ξ
→ ∞), i.e., γ⊥ =
√
1 + a2 =
γp (1 + φ). On the other hand the minimum/maximum potential for the partial differential equation
(PDE) behind the driving laser (γ⊥ = 1) is related to the maximum electric field Ez,max via [56]
φmin/max =
1
2
(
Ez,max
Ep,0
)2
± βp
(1 + 1
2
(
Ez,max
Ep,0
)2]2
− 1
1/2 . (39)
Equalizing φmin and φ = 1/γp − 1 yields the cold relativistic wake-breaking field [57]
Ewb,rel = Ep,0
√
2(γp − 1). (40)
Here, as in the nonrelativistic case, the background electrons can outrun the wake’s phase velocity and
are injected. This self-injection generally continues once it has started, causing a large energy spread.
In three dimensions, the wave also breaks transversely, which generally happens at much lower a0 than
in this purely 1-D treatment. For high beam quality, it is sometimes desired to avoid self-trapping by
operating below the wavebreaking threshold, and relying on other injection methods (see Section 4.2).
4 Laser Wakefield Acceleration
The fundamental role of the plasma in LWFA is to transform the strong, transversely oscillating laser
fields into quasistatic, longitudinally accelerating fields. The longitudinal dynamics of the electrons, i.e.
their orbit in phase space, (uz, ξ), by be treated by the Hamiltonian formalism.
4.1 Electron Acceleration
The 1D Hamiltonian for an electron interaction with a laser field in a plasma wave in its normalized
quantities is given by [56, 57]
H′ (z, uz) =
√
1 + u2⊥ + u2z − φ(z − vgt).
The first root term describes the normalized kinetic energy γ. It can be further simplified by observing
Eq. (33). The second term represents the potential energy. Here, the time dependence can be eliminated
by a canonical transformation of the Hamiltonian (z, uz)→ (ξ, uz)8, giving:
H (ξ, uz) =
√
1 + a2 (ξ) + uz(ξ)
2 + φ (ξ)− βpuz(ξ). (41)
8Using a generating function F (z, uz) = uz × (z − vgt) the new Hamiltonian readsH = H′ − 1c ∂F∂t .
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(b) Electron orbits in the relativistic regime with an asym-
metric separatrix. Its width is given by the nonlinear plasma
wavelength λp,rel ∼ 1.3λp. The maximum energy gain is
∆uz ≈ 2.25× 103.
Fig. 3: Longitudinal electron phase space trajectories in a laser-driven plasma wave with tFWHM = 28 fs,
a0 = 0.6/
√
2 (left) and a0 = 3/
√
2 (right). Trapped orbits (red solid lines), the separatrix (purple solid line),
fluid (solid black line) and untrapped electron orbits (dashed blue lines). The corresponding normalized wakefield
quantities are plotted at the top of each figure. The shaded area marks the momentum gap to be overcome by fluid
electrons to get trapped. The background electron density in both plots is ne,0 = 5× 1018 cm−3, i.e., γp = 19.
H (ξ, uz) = H0 = const. describes the motion of an electron on a distinct orbit in the plasma wave.
Solving Eq. (41) for uz(ξ) gives the trajectory of the electron in the phase space
uz = βpγ
2
p (H0 + φ)± γp
√
γ2p (H0 + φ)
2 − γ2⊥. (42)
uz represents an electron orbit of constant total energy for a given set of a(ξ), φ(ξ) and H0. Examples
are plotted in the lower part of Fig. 3. The lines represent the possible electron trajectories (ξ, uz)
with varying H0 in a linear (a0 < 1) and non-linear (a0 > 1) regime. In general, two types of orbits
can be distinguished: the closed orbits (solid red) describe the trapped and the open orbits (dashed
blue) the untrapped electrons. The separatrix, displayed by the thick purple line, denotes the trajectory
where open and closed orbits meet, i.e., where the radicand of Eq. (42) is equal to zero. It occurs
at φ(ξmin) = φmin, indicated by a thin vertical line. Therefore, the Hamiltonian of the separatrix is
Hsep = γ⊥(ξmin)/γp − φmin. The absolute minimum uz can be derived from Eq. (42) to uz(ξmin) =
βpγp.
Electrons initially at rest, u⊥(ξ = +∞) = uz(ξ = +∞) = 0, are characterized by the Hamilto-
nian Hfluid = 1. These fluid electrons, (thick black line) constitute the plasma wave and are pushed by
the ponderomotive force without gaining any substantial momentum from the wave. Similarly, the elec-
trons with a too low/high initial momentum (dashed blue lines) are moving on open orbits and are not
trapped by the wake. The latter follow the condition H0 > Hsep.
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In contrast, an electron with a sufficient initial momentum u⊥(ξ = +∞) > uz,min and H0 <
Hsep, (drawn in red), is located on closed orbits. It is trapped in the wave and successively gains and
looses energy while performing a rotation in phase space. At A©, the electron starts gaining energy,
while it slips back in longitudinal position (βe < βp) until B©. Here, the electron has reached the plasma
wave velocity and starts to outrun the wake (βe > βp). At C© it has maximum energy and, unless
the acceleration process is terminated, enters the region with decelerating fields (Ez > 0). This process
is called dephasing and sets one of the limitations for the electron energy gain in LWFA, cf. Section 4.4.
The highest momentum gain is experienced by electrons following the separatrix orbit, i.e.,
∆uz = uz,max − uz,min ≈ 2γ2p∆φ.
Thus, the energy gain of the electrons is dependent on the electron density and the laser intensity. As long
as the electrons are injected and extracted at the right phase the acquired energy can exceed the GeV-
barrier, cf. Fig. 3(b).
4.2 Electron Injection
As indicated above, the details of the injection process largely define the overall beam quality, i.e.,
the energy spread, charge, and divergence. In order to achieve minimal emittance, the electrons should
be injected with sufficient initial momentum into a spatial volume that is matched to the beam charge
and background density. This is difficult to achieve with an external (RF) electron source, because
it requires matching a beam from the RF injector with structure scales of centimeters to the plasma
accelerator with 10’s of µm. External injection has been demonstrated into low-density plasmas with
long wavelength [2,58], but with currect high-intensity Ti:Sa lasers the comparably high densities so far
have only allowed successful injection very recently [59].
From an experimentalist’s point of view, self-injection appears to be the most straighforward ap-
proach. It is based on wave-breaking, sometimes augmented by the expansion of the cavity size during
self-focusing of the drive laser. This slows down the phase velocity of the first wakefield peak and allows
electrons to be trapped more easily over a considerable distance, leading to electron beams with a large
momentum spread. Therefore, a localized and controlled injection process is key for achieving narrow-
band electron bunches. Many schemes have been studied and still are an active area of research. Three
of them (in addition to self-injection) will be described in the following sections:
– Density transition injection. A localized electron density down-ramp increases λp and reduces
the wake’s phase velocity, causing a defined injection.
– Colliding pulse injection. A locally confined beat wave of two colliding laser pulses gives back-
ground electrons a momentum kick and injects them into the proper phase.
– Ionization injection. Electrons from core levels of heavy atoms are ionized and freed close to
the peak of the laser pulse; thus, they are ‘born’ in a trapped orbit.
4.2.1 Self-Injection
In a purely 1-D model, the minimum initial energy for electrons to be trapped is given by
Wtrap = mec
2
(√
1 + u2z,sep(+∞)− 1
)
, (43)
where uz,sep(+∞) describes the separatrix orbit in front of the laser pulse (a0 = φ = ~u⊥ = 0)
uz,sep(+∞) = βpγ2pHsep − γp
√
γ2pH
2
sep − 1.
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Figure 4(a) shows the dependence of the trapping energy Wtrap (Eq. (43)) on the normalized maximum
electric field Ez,max/Ep,0 with Ez,max given by Eq. (39). On the top x-axis, the Wtrap-dependence with
respect to the wave velocity γp given by Eq. (22) is displayed for various φmin. The threshold decreases
for larger wakefield amplitudes and slower wake phase velocities, i.e. for high laser intensities and high
electron densities. With increasing a0 the fluid orbits get closer to the separatrix, and the necessary
momentum for trapping can be significantly reduced. When the fluid and the separatrix orbit overlap,
i.e., the longitudinal velocity of the electrons overtakes the plasma wave velocity, the wavebreaking
limit of the plasma is reached, and the background electrons are directly injected. For common electron
densities of 5 × 1018cm−3 this occurs at rather high values of a0 ≈ 6. Within a 1-D description, this
cold wavebreaking limit can be reduced by thermal effects [60], but still remains higher than observed
in most experiments..
4.2.2 Longitudinal Self-Injection
The situation changes quite dramatically in a 3D-dimensional geometry. At moderate laser intensities
(a0 ∼ 1 − 3), when the laser forms a wake without reaching the blow-out regime, (cf. Section 4.3).
Background electrons close to the axis can now tunnel through the decelerating field and be injected
without a substantial transverse motion [61]. Upon its propagation through the medium, the laser
self-focuses and compresses while a0 increases. This lengthens the first wakefield bucket and reduces
the phase velocity [62,63], and electrons can catch up with the plasma wave more easily and are injected
at much lower a0. Since this happens at an early stage of the acceleration with a small transverse
momentum, the generated bunches exhibit good shot-to-shot stability, high energies and few-mrad
divergence. The longitudinal injection mechanism is dominat at low plasma density, where self-focusing
is weak and the pulse diffracts after the first injection event without causing further (transverse)
self-injection.
4.2.3 Transverse Self-Injection
At high laser intensities and electron densities, transverse wavebreaking can occur [3, 64]. The strong
ponderomotive force kicks electrons radially away from the axis, forming a bubble-shaped electron cav-
ity whose focusing field pulls them back onto the axis, forming a density spike. Here, some electrons can
be scattered forward into an accelerating phase [63]. The additional Coulomb repulsion of these injected
electrons at the rear of the bubble lengthens the cavity and causes further injection. In contrast to lon-
gitudinal self-injection, these injected electrons enter the wakefield with a large transverse momentum,
resulting in high divergence. As the laser spot size (and peak a0) usually oscillate around the matched
spot size of the plasma [61], transverse injection can happen several times during the laser pulse evolu-
tion at positions with the highest a0 before the bubble eventually becomes beam loaded, cf. Section 4.4.
Due to these oscillations injection happens at random locations, resulting in low reproducibility.
The existence of a density threshold between longitudinal and transverse self-injection allows
switching on and off the latter [61]. Below the threshold, the electrons are trapped longitudinally, with
low charge and a stable, sometimes narrowband spectrum. Above, transverse injection dominates by far,
generating less stable electron beams with high charge. According to [65], self-injection occurs if
αLWL >
pi0m
2
ec
5
e
[
ln
(
2ne,c
3ne
)
− 1
]3 ne,c
ne
τ(l), (44)
where αL is the fraction of the laser energy WL contained within the FWHM of the focal spot and ne is
the plasma density. τ(l) is the self-compressed laser pulse duration as given in Eq. (26).
The main advantage of self-injection is its experimental simplicity. However, it often lacks stabil-
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(b) Shockfront injection mechanism. The laser (a0 =
1.5 28 fs) interacts with a density profile as shown on the
top. In the high density region 1© with 5× 1018 cm−3 it
drives a plasma wave with λp,1 and creates the phase or-
bits shown dashed in the bottom plot. After the transi-
tion the plasma wavelength lengthens to λp,2 (with lower
ne = 3.5× 1018 cm−3) in 2©. This sudden expansion
causes the untrapped electrons in the wave peaks to rephase
inside the new separatrix (solid purple line).
Fig. 4: Injection threshold for the self-injection (left) and illustration of shockfront injection (right).
ity, as it relies on nonlinear self-focusing and self-compression processes. The generated electron beams
exhibit fluctuating spectra with rather large momentum spread (30− 100%).
4.2.4 Injection in Density Transitions
In contrast, reproducible low-emitance, low-energy spread beams require externally controlled injec-
tion schemes, where in most cases the main LWFA is operated below the threshold for wavebreaking.
The injection process itself is triggered locally at a defined position along the propagation direction by
tailoring the longitudinal density profile inside the plasma. In negative density transitions (∂ne/∂z < 0)
the plasma wave elongates according to λp ∝ n− 1/2e and the back of the plasma wave slows down
momentarily, thus lowering the injection threshold and causing self-trapping. After the down-gradient,
the laser drives a wake in low density which accelerates the injected electrons, but avoids self-trapping.
The control over the density profile therefore allows to separately control injection and acceleration.
For a long density transition, Ltr > λp, the wave is gradually slowed down. In a 1-D treatment,
the phase of the wake during the density transition can be approximated to ϕ = kp(z)(z − vgt) in
the leading order. By definition, the local effective oscillation frequency is ωp,e = −∂ϕ/∂t = vgkp(z)
and the effective local wave vector is kp,e = ∂ϕ/∂z = kp(z) + (z − vgt)∂kp/∂z. Thus, the local phase
velocity in the limit vg → c can be expressed as
vp =
ωp,e
kp,e
= vg
[
1 +
1
kp
∂kp
∂z
(z − vgt)
]−1
≈ c
(
1 +
ξ
2ne
dne
dξ
)−1
≈ c
(
1− ξ
2ne
dne
dξ
)
. (45)
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A continuous decrease in plasma density results in a reduction of the wave velocity, and this effect is
multiplied in subsequent buckets. At some point, the fluid velocity of plasma electrons is reached, and
the wave breaks. At sufficiently large distances behind the driver injection of electrons will always
occur, as long as the wave is not disturbed by other mechanisms. This injection scheme is often re-
ferred to as down-ramp injection [66]. For example, in a density ramp with Ltr = nedne/dz = 4λp,
the electrons with an initial velocity ve = c/3 (γe ≈ 1.1) will be injected for ve = vp at the position
ξi =
(
2 cve − 1
)
ne
dne/dz
= 16λp behind the driver. Experimentally this has been demonstrated in the gra-
dient at the rear of a gas jet [18, 22] or by using a transverse laser to create a down ramp [21]. However,
long electron density ramps have two major drawbacks: a) The prolonged injection process will lead to
a large energy spread, and b) the permanent increase in plasma wavelength causes quick dephasing.
In sharp density transitions on a scale length Ltr < λp, with a rapid decline from ne,1 to ne,2,
the change of the plasma wavelength ∆λpλp =
λp,1−λp,2
λp,1
and phase velocity ∆vpvp =
vg,1−vg,2
vg,1
can be derived
as [67]
∆λp
λp
=1−
√
ne,1
ne,2
≈−αT − 1
2
,
∆vp
vp
≈1−
(
1− ne,2
2ne,c
)(
1+
ne,1
2ne,c
)
≈ αT − 1
2
ne,2
ne,c
,
with the density ratio αT = ne,1/ne,2 and αT & 1. The priciple is shown in Fig. 4(b). As λp increases
almost instantly, the velocity of the plasma wave only increases marginally. Consequently, the velocity
of the first wakefield peak suddenly stops, before starting to move again with the new phase velocity.
A significant fraction of the electrons, constituting the first wakefield peak before the density transition
1© (drawn in gray dashed lines) are now promoted to an accelerating phase after the density transition
(< 10 µm) 2©, as indicated by the yellow area. The injected electrons are all located at a similar phase of
the wake with similar initial energy, exposing them to the same accelerating field. Therefore, they will
gain similar energy resulting in a quasi mono-energetic beam.
This mechanism has first been proposed numerically [68, 69], and been experimentally verified
to produce stable, quasi-monoenergetic electron bunches [19, 20]. Here, the gas density profile from
a supersonic gas nozzle was modified by a razor blade creating a narrow shock front with the desired
sharp drop in the density profile. Other groups have also reported on the production of monoenergetic
beams by using similar approaches, e.g. using wires for the creation of the shock [70, 71].
The simple implementation of this scheme also favors potential applications, such as a quasi-
monochromatic all-optical Thomson x-ray source [72].
4.2.5 Optical Injection
Another possibility to realize a controlled, localized injection relies on two colliding laser pulses.
The first (drive) pulse creates a plasma wave below the self-injection threshold, while the second weaker
(injection) pulse counterpropagates and beats with the driver at a position depending on the relative de-
lay. This beat wave causes a localized and instantaneous heating of background electrons, some of which
are then injected into the driver’s wake [52, 73]. Assuming two counterpropagating, circularly polarized
laser beams
a1=
a0,1√
2
(cos(kLz−ωLt)~ex+sin(kLz−ωLt)~ey) , a2=a0,2√
2
(cos(kLz+ωLt)~ex−sin(kLz+ωLt)~ey) ,
the Hamiltonian (Eq. (41)) for the beatwave can be expressed as
Hbeat =
√
1 + u2⊥ + u2z =
√
1 + (a1 + a2)2 + u2z,
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(b) Ionization injection. For high-Z gases inner shell elec-
trons are ionized at the peak of the laser. (center: the green
dashed lines mark the barrier-suppression ionization (BSI)
values for nitrogen). The ionized electrons are born with
uz(ξion) ≈ 0 (dashed black line) and can be trapped by fol-
lowing the green orbits in the phase space. By adjusting the in-
tensity of the laser pulse the injection region (marked in yel-
low)the final energy spread ∆W can be reduced, as shown on
the top for a0 = 2.65 with ∆W/W ≈ 70% and on the bot-
tom for a0 = 2.25, ∆W/W ≈ 30%.
Fig. 5: Phase space orbits demonstrating the principle for optical injection (left) and ionization injection (right)
in 1D at a plasma density of ne,0 = 5× 1018 cm−3.
where (a1 + a2)2 =
a20,1+a
2
0,2
2 + a0,1a0,2 cos(2kLz). Note that the Hamiltonian is independent of time.
For the initial condition (uz = 0 for z = 0), the beat wave separatrix is
ubeat,sep = ±
√
a0,1a0,2(1− cos(2kLz)), ubeat,max =
√
2a0,1a0,2, ubeat,min = −
√
2a0,1a0,2
with the maximum and minimum values ubeat,max and ubeat,min, respectively. Figure 5(a) displays
the trapped and untrapped electron orbits in the phase space generated by a pump pulse with a0,1 = 1.5
and a0,2 = 0.8, 0.2, respectively. The ponderomotive force of the beat wave Fbeat ∝ 2kLa0,1a0,2
promotes background electrons from the fluid orbits into trapped orbits. The maximum momentum gain
is represented by the beat wave separatrix (green solid line). The yellow area marks the accessible phase
space in the wakefield for electrons heated by the beat wave [73]
ubeat,max(ξ) & usep(ξ), ubeat,min(ξ) . ufluid(ξ).
The energy gain of the electrons in the beat wave is given by Wbeat = mec2[(1 + u2beat)
1/2 − 1]
≈ 300 keV for a0,2 = 0.8 and ≈ 170 keV for a0,2 = 0.2, respectively. A lower colliding pulse in-
tensity a0,2 reduces the injection phase space resulting in a narrower energy spread, but also reduces
the injected charge [16,17]. Most colliding experiments are performed with linear polarization since this
leads to more efficient heating. A full description of optical injection, including the consequences of
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the heating on the dynamics of the plasma wave, the laser pulse evolution and its influence on the wake
formation is beyond the reach of analytical treatment [74], which commonly overestimate, e.g., the in-
jected charge, because of their failure to describe the wakefield inhibition during beating [75]. However,
optical injection provides good control over the beam parameters: since the beat wave only exists dur-
ing the intersection of both laser pulses, the injection is very localized, resulting in quasi-monoenergetic
beams. A variable delay between both pulses allows to select the injection position, acceleration distance
and final energy, while the amplitude and polarization of the colliding beam controls the the number of
trapped electrons and their energy spread (determined by the volume of the phase space and beam-
loading) [16, 76]. The disadvantage of optical injection lies in the difficult setup required for splitting,
synchronizing and colliding both laser pulses. A direct comparison of optical and shockfront injection
can be found in [77].
4.2.6 Ionization Injection
While downramp and optical injection transport electrons across the separatrix boundary for injection
(or vice versa), another way of injection relies on "creating" electrons in already trapped orbits. Since
the Barrier-Suppression Ionization (BSI) threshold of inner-shell electrons in medium-Z atoms (e.g.,
Oxygen, Nitrogen) is comparable to the peak laser field, a small amount of such dopant gas in a Helium
or Hydrogen target gas causes ionization events close to the laser peak. An example for N6+ is shown
in Fig. 5(b). Created on axis in the wakefield, these electrons have different momentum compared to
the fluid electrons: they are ionized at the position ξion, at rest (uz(ξion) = 0) (while fluid electrons at
this point travel backwards) and close to the laser peak (a(ξion) ' 0). The Hamiltonian yields
Hion = 1− φ(ξion).
If the acceleration field allows the new-born electrons to reach the phase velocity of the wake during
before they are overtaken, they are trapped. The trapping condition depends on the BSI threshold
a(ξion) > aOTBI for the individual ionization state and by the separatrix, Hion < Hsep. In Figure 5(b)
the orbits of the trapped electrons are marked green. The trapping region (marked in yellow) can be ad-
justed by the intensity of the laser pulse. It defines the final energy spread ∆W , as shown for a0 = 2.65
on the top and a0 = 2.25 on the bottom of the figure. Under the further assumption that the electrons
are released only at the maximum of the laser pulse with zero momentum, a(ξion) ≈ 0, the trapping
condition (Hion < Hsep) can be approximated to the inequality [78]
1− 1/γp ≤ φ(ξion)− φmin ≤ φmax − φmin.
This sets a minimum for the required laser intensity
1− 1
γp
≤ a20 +
a20
a20 + 1
.
For a squared pulse (Eqs. (36) and (39)) the inequality is satisfied at typical gas densities (γp > 10) for
a0 > 0.7. As the main consequence, ionization induced trapping requires relativistic laser intensities.
Experimental evidence of this scheme is given by [79], where an efficient injection of electrons in He:Ar
gas mixtures at a vector potential well below the self-trapping regime has been observed. Although its
simple implementation and high-charge output, ionization injection yields broad spectra, because: a)
Injection is continuous, as long as the trapping condition is fulfilled, and b) Tunnel ionization smears
out the ionization threshold aOTBI . For a linearly polarized laser, the tunnel ionization rate can be
approximated [80, 81] as
Γ(|EL|) = 4
(
3
pi
)1/2
Ω0
(
Wion
Wion,H
)7/4( EH
|EL|
)1/2
exp
(
−2
3
(
Wion
Wion,H
)3/2 EH
|EL|
)
,
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where EL is the laser field and EH = 5.2 GV cm−1 the ionization field of hydrogen, Ω0 = αfc/rB =
4× 1016 s−1 is the characteristic atomic frequency,Wion andWion,H = 13.6 eV the ionization energy of
the specific ion and of hydrogen, respectively. The fraction of species which is ionized during a time ∆t
is given by Γ∆t. For example, the ionization probability forN5+ → N6+ in a the presence of a Gaussian
pulse a = a0 exp(−t2/τ20 ) with tFWHM =
√
2 ln(2)τ0 = 28 fs is ∼ 1% for a0 = 1.5 and increases to
90% for a0 ∼ 2.0, i.e., the threshold for ionization lies in the range between a0 = 1.5−2.0. Accordingly,
small fluctuations in laser self-compression and self-focusing have a direct impact on the injected charge
and decrease the overall stability. In principle, by reducing the laser pulse energy, the energy spread
of an electron bunch can be reduced, but so will its charge and energy. The best experimental results
using a 1% additive of nitrogen have demonstrated an energy spread of 20% [82]. Localizing the dopant
concentration can further reduce the energy spread, as demonstrated in [23].
4.3 The Bubble Regime
The analytical 1D studies presented so far offers a basic understanding of the LWFA process. The lack
of analytical 3D models necessitates numerical simulations to capture, e.g., the transverse dynamics or
the laser pulse evolution. Commonly, the particle-in-cell method (PIC) is used to study a more complete
picture of the laser, wakefield and electron bunch evolution.
Based on such numerical 3D PIC studies, [9] have found that under optimized conditions and
a strong driver, a very efficient acceleration is possible. Their scheme relies on the relativistic pon-
deromotive force to radially expel all plasma electrons from the laser path. This forms an electron
cavity behind the laser pulse, where only the ions stay behind. After a distance of λp,rel, they pull back
the electrons, whose trajectories cross on axis, forming a density spike. The shape of the electron cavity
is approximately spherical, hence the name “bubble” regime, see Fig. 6. In the bubble, the electron
density is zero, and this regime is also referred to as “complete blow-out”. Experimentally, this regime
has been studied extensively since the first observation by [6].
[83], [84] have developed phenomenological laws for the bubble regime via extensive studies
of PIC codes underpinned by simplified analytical studies. They found that a spherical structure with
a radius given by rb ≈ 2√a0/kp is formed. The normalized potential and the electric fields inside
the cavity moving at relativistic speed are 9
φ =
k2p
4
(
r2 − r2b
)
,
Ez
Ep,0
=
kp
2
ξ,
E⊥
Ep,0
=
kp
4
r⊥,
where r2 = ξ2 + r2⊥ = 0 is the radius from cavity center, r
2
⊥ = x
2 + y2 is the transverse and ξ
the longitudinal position. The radial fields E⊥ are linear in r⊥, and therefore emittance-preserving.
The longitudinal fields are almost linear with a gradient |∂E/∂ξ| = Ez,max/rb, with
Ez,max =
rbkp
2
Ep,0, Ez,max[GV/m] ≈ 96
√
ne,0[1018cm−3]
√
a0. (46)
The radial and longitudinal forces acting on the trapped electrons are given by
~Fz = −1
2
meω
2
pξ ~ez,
~Fr = −1
2
meω
2
pr⊥ ~er. (47)
In the leading half of the bubble (0 < ξ < rb/2), the electron bunch is decelerating, while in
the back of the bubble it accelerates, with a gradient independent of its radial position. The transverse
focusing region for electrons extends over the whole bubble, defocusing only occurs around the on-axis
density peak. The focusing fields are of similar magnitude as the longitudinal fields (100 GeV m−1).
9Note that in these 3D wakes the wakefields are electromagnetic in character, not only electrostatic.
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Fig. 6: 3D OSIRIS PIC simulation of LWFA acceleration The laser (λL = 800 nm, tFWHM = 28 fs), propagat-
ing towards the right, is focused to a spot size of dFWHM = 9.62 µm with an energy of WL = 100 mJ on the left
and WL = 1.55 J on the right. The electron density (ne,0 = 5× 1018 cm−3) is shown in blue in the (y=0)-plane.
Left: In the modest relativistic regime (a0 ≈ 1), the laser pulse (at x1 ≈ 226 c/ωp) excites a weakly nonlinear
wake (electric field on axis shown in green). The bubble is not completely void of electrons and the wake’s wave-
fronts are horse shoe-shaped. No self-injection occurs during this simulation before the laser is depleted.
Right: In the highly nonlinear regime (a0 ≈ 4.1), the simulation parameters correspond to the matched condition
dFWHM ≈ 2√a0/kp = 9.6 µm. The bubble with radius rbcωp = 2√a0 (magenta circle) is fully developed,
the electron density drops to zero and the created fields exceed the wavebreaking limit. Near the rear of the bubble
the onset of transverse self-injection is visible. The energy of the injected electrons is color-coded in black-and-red.
Injection into the bubble occurs via transverse wave-breaking (cf. Section 4.2.1) at the density
spike, at the location of the highest accelerating fields. Due to the large initial deflection by the pon-
derometive force, electrons forming the spike exhibit a large transverse momentum, resulting in a trans-
verse emittance. The optimum condition for bubble formation and injection can be found by matching
the laser intensity, spot size wb, pulse length (cτ0 ≤ wb) and plasma wavelength as shown in Fig. 6 [50]
wb ' rb = 2√a0/kp. (48)
For a0 > 4 and a focal spot size of wb = dFWHM = 2
√
a0/kp, the ion cavity takes the shape of
a perfect sphere. In terms of the critical power Pcrit (Eq. (25)) this condition yields P ' (a0/2)3Pcrit.
Exemplary, at ne,0 = 5× 1018 cm−3, a peak power of 42 TW, focused to a0 > 4 is required.
Between 2 < a0 < 4, the blow-out cavity deviates slightly from a spherical shape. However,
self-focusing and self-compression will match even initially unmatched pulses [50] to drive a bubble.
Self-guiding losses are minimized when the initial spot size matches the blow-out radius, as exper-
imentally confirmed by [45]. In [85] it was found that relativistic self-focusing has a stabilizing effect,
allowing the wakefield to evolve to the correct shape even from fluctuating initial parameters. The best
performance is achieved for long focal-lengths (wb & λp), and a Rayleigh length larger than the density
gradient at the plasma entrace. Then the majority of the pulse energy coalesces into a single optical fil-
ament and can be self-guided over distances comparable to the dephasing length. Smaller spots usually
result in beam breakup and poor reproducibility. Thus, increasing in the pulse intensity through self-
evolution is more effective than a tight focusing geometry. The choice of the spot size (small enough to
avoid depletion, large enough to avoid filamentation) is crucial for the production of high-quality beams.
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4.4 Limitations on Energy Gain
The main limitations for LWFA are the "detrimental Ds": Diffraction, Dephasing, and Depletion.
4.4.1 Laser Diffraction
In any focused beam, diffraction will reduce the laser intensity after a certain distance, but self-focusing
may balance this over many Rayleigh lengths. The general refractive index (cf. Eq. (24)) is given by
η =
ck
ωL
=
√
1− ω
2
p
γ⊥ω20
≈ 1− ne
2
(
1 + a20
)
nc
(49)
For the 3D bubble regime, the self-guiding condition can be reformulated to [50]
a0 =
(
nc
ne
)1/5
. (50)
If this condition is fulfilled, the laser propagates with a spot size close to w0 = 2
√
a0/kpr. In a realistic
scenario, however, a0 will change by self-compression and pump depletion, while an initially unmatched
laser will also oscillate in size. Despite the complex dynamics that is best treated by numerical simula-
tions, one thing is certain: Once the pulse depletes, it will quickly diffract.
4.4.2 Electron Dephasing
Trapped electrons can reach velocities closer to c than the laser group velocity, so they catch up with
the laser and "dephase", i.e. enter the decelerating phase of the wake (cf. point C© in Fig. 3). Conse-
quently, the maximum energy which can be extracted from the wake depends on the (relativistic) plasma
wavelength. The distance which an electron can travel before it crosses the zero field, Ez = 0, in the lab
frame is called dephasing length Ld. In the linear regime, it corresponds to the distance in which a rel-
ativistic electron (ve ≈ c) phase slips by λp/4 with respect to the laser field (vg = ηc). Only in this
phase space region the fields are accelerating and simultaneously focusing, cf. green area in Fig. 2. With
the refractive index η (Eq. (49)) the dephasing length can be derived to
(c− vg) Ld
c
=
λp
4
⇒ Ld =λp
2
ω2L
ω2p
In the nonlinear regime a0  1, the increase in the plasma wavelength has to be included. For a linearly
polarized, square pulse (Eq.(37)) the dephasing length at an arbitrary intensity is given accordingly by
Ld ≈ γ2pλp ×
{
1
2 for a
2
0  1
1
pia0 for a
2
0  1
(51)
Ld scales inversely with the electron density ∝ n− 3/2e , and can therefore be mitigated by operation at
lower densities, albeit at longer acceleration length. For typical densities of ne,0 ≈ 5× 1018 cm−3 and
a0 = 2, the dephasing length is usually Ld ∼ 3 − 4 mm. Using a phenomenological approach, [50]
derived for a 3 D nonlinear regime a dephasing length of (cf. Table 1)
L3Dd =
4
3
√
a0
kp
ω2L
ω2p
. (52)
In positive density gradients, dephasing can be mitigated by keeping the electrons at a fixed phase, if
the phase slippage of the electrons is compensated by a matched reduction of λp [86, 87].
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4.4.3 Pump Depletion
During its propagation, the laser’s energy is transferred to the plasma wake until it is depleted and accel-
eration ends. The characteristic length for pump depletion Lpd can be estimated by comparing the energy
density in the wake, uW = 120E
2
z , contained in the volume V = piw0Lpd, and the laser energy density,
uL =
1
20E
2
0 , contained in the volume V = piwLcτL. With a0 = eE0/cmeωL (Eq. (15)) and the relation
for linear wakes Ez/Ep,0 ≈ a20 (Eq. (32)), the pump depletion is
Lpd =
ω2L
ω2p
cτL
a20
≈ λ
3
p
λ2La
2
0
.
In the relativistic case (a0  1) for 1D square pulses with cτL ≈ λp,rel/2, the scaling of Ez (36) yields:
Lpd ≈ γ2pλp ×
{
1
a20
for a20  1
a0
pi for a
2
0  1
(53)
In the 3D nonlinear regime, [88] estimates the pump depletion from the laser’s head erosion as it drives
the wake. This picture is confirmed by simulations in [50], which gives the etching velocity as vetch '
cω2p/ω
2
L. This means that the pulse is fully depleted after a length
L3Dpd =
c
vetch
ctFWHM ' ω
2
L
ω2p
ctFWHM . (54)
Figure 7(a) displays the 3 D dephasing and depletion lengths as blue dashed- dotted and blue dashed
lines, respectively. Although both would be equal at ne = 3× 1018 W/cm3 and a0 ≈ 3.3, indicating op-
timum energy transfer, the plot indicates that the laser would not be self-focused and also not matched to
the plasma (white and green lines, respectively). A shifted operation point (e.g., ne = 2.5× 1018 W/cm3
and a0 ≈ 4.1) would fulfil these conditions, albeit with depletion now happening before dephasing.
Therefore, this plot can help in selecting the best working point for a given set of laser parameters.
4.4.4 Beam Loading
So far, only single test electrons in the plasma fields have been considered. A highly charged bunch,
however, will modify ("beam-load") the electric field of the plasma wave, and therefore the accelera-
tion process. Typically, a beam loaded wakefield will manifest itself in a decrease in energy gain and
a modified energy spread. In a nonlinear 1D approach, Poisson’s equation has to be amended by a term
describing the bunch density distribution nb (ξ)
∂2φ
∂ξ2
= k2p
(
ne
ne,0
− 1 + nb
ne,0
)
,
and the solution for the PDE, analogous to the Eq. (35) is given by [56]
∂2φ
∂ξ2
= k2pγ
2
p
βp(1− γ2
γ2p (1 + φ)
2
)−1/2
− 1
+ k2p nb (ξ)ne,0 . (55)
The bunch’s self-fields will superimpose and modify the accelerating field. Figure 8 shows the
beam loading effect upon the wakefield. A Gaussian electron bunch (tb,FWHM = 10 fs), is placed at
the ξ =−0.6λp behind the drive laser 〈a0〉 = 1.5. In the top and bottom panel, a purely laser (bunch)
driven wake is shown, respectively, while the second and third panel display two cases with nb/ne,0 =0.4
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(b) Maximum electron energy gain. The highest elec-
tron energies are given for the lowest electron densities, as
long as the self-guiding condition is satisfied, e.g.: WLu =
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Fig. 7: Electron output parameters in the matched condition kprb = 2
√
a0. The white dashed line represents
the laser self-guiding condition (Eq. (50)), i.e., the area below the white line can be only accessed via external
guiding. The solid green line shows the matched condition (w0kp = 2
√
a0) for a laser with WL=1.5 J, tFWHM=
28 fs assuming a Gaussian pulse with wb = dFWHM .
and nb/ne,0 = 0.8. In both cases, the electric field and wave potential are perturbed by the charge to
a varying degree, manifesting itself in a modified peak field and an elongated first wakefield bucket.
However, this superposition can also have a positive side-effect. For the case nb/ne,0 =0.4 shown
in the second panel, the accelerating field (blue line), normally decreasing towards smaller values of ξ,
stays constant over the duration of the electron bunch. This means that all electron in the bunch are
accelerated by the same field, irrespective of their phase in the wake. This reduces chirp and energy
spread of the accelerated bunch [89]. In addition, via the reduction of the wakefield amplitude, beam
loading can terminate self-injection once a high-charge bunch occupies the first bucket [90, 91].
The maximum injected charge can be estimated by assuming a sphere with a radius rb = 2
√
a0/kp,
carrying the total ionic charge Qtot = 43r
3
bne,0e ∝ a3/20 n−1/2e,0 . The optimum injected charge Qopt has
been derived for a matched laser driver by [92] to
Qopt =
pi0m
2
ec
4
e2
(
kprb
2
)4 1
Ez
Ez=rbkpEp,0/2
=========⇒ Qopt =pic
3
e2
(
m3e
3
0a
3
0/ne,0
)1/2
, (56)
which results in Qopt ≈ Qtot/10. For typical parameters, a0 ∼ 2− 4, ne = 5× 1018 cm−3, the injected
charge is Qopt ∼ 350 pC. In Figure 7(a), Qopt is plotted with respect to a0 and ne,0. The charge can
be increased for higher laser pulse intensities and larger bubble structures, i.e., lower electron densities.
The white dashed line represents the self-guiding condition (Eq. (50)), which has to be fulfilled in order
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Fig. 8: Effect of beam loading. Normalized 1D wakefield quantities , calculated with Eq. (55). top: laser driver
(linearly polarized, peak a0 = 2.1, tFWHM = 20 fs), bottom: electron driver (nb/ne,0 = 0.8, τb = 10 fs). two
central plots: mixed driver, laser at ξ = 0, electron bunch at ξ = −0.6λp. Peak bunch density nb/ne,0 = 0.4
and nb/ne,0 = 0.8, for the second and third panel, respectively. The bunch charge modifies both the potential and
the longitudinal electric field and lengthens the cavity. Electron density for all cases: ne,0 = 5× 1018 cm−3.
to sustain the laser intensity over the desired length.
4.5 Scaling Laws
The total energy gain ∆W of an electron determined by the wake’s longitudinal electric field Ez(z) and
the distance Lacc
∆W = −e
∫ Lacc
0
Ez (z) dz.
Neglecting diffraction, dephasing in the linear regime and pump depletion in the nonlinear regime limit
Lacc. In 1D, ∆W is given by Ld or Lpd (Eqs. (51) and (53)) and the maximum field (Eqs. (32) and (36)):
∆W ≈ eEz
2
Lacc =
{
e(E0a
2
0)Ld = mec
2a20γ
2
ppi/2 for a0  1
e(E0a0/2)Lpd = mec
2a20γ
2
p for a0  1
.
Both regimes scale equally with a0 and ne, and dephasing can be overcome by longitudinal density
tapering. However, operation the nonlinear regime has the advantage of higher accelerating gradients,
therefore, shortening the acceleration length and often avoiding the need for guiding. In the nonlinear 3D
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Table 1: Scaling rules for LWFA in the linear and nonlinear 1D and 3D regime as given by [29, 50, 93]
a0 w0 Ld Lpd λp Ez/Ep,0 ∆W/mec
2
Linear < 1 2pikp
pi
kp
ω2L
ω2p
cτL
a20
ω2L
ω2p
2pi
kp
a20 pia
2
0
ω2L
ω2p
1D NL > 1 2pikp
2a0
kp
ω2L
ω2p
a0
2
kp
ω2L
ω2p
4a0
kp
a0/2 a
2
0
ω2L
ω2p
NL Lu > 2 2
√
a0
kp
4
3
√
a0
kp
ω2L
ω2p
cτL
ω2L
ω2p
√
a0
2pi
kp
√
a0/2
2
3a0
ω2L
ω2p
NL GP > 2
√
nc
np
√
a0
kp
a0cτL
ω2L
ω2p
√
a0 a
3
2
0 ωpτL
ω2L
ω2p
regime, the energy gain for a strong driver is limited by dephasing and can be approximated via Eq. (46)
WLuel = e〈Ez〉L3Dd =
2
3
a0mec
2 nc
ne,0
. (57)
Table 1 summarizes some LWFA-scaling rules from the literature [9, 50]. Both groups found optimum
acceleration occurs when the laser pulse duration τ and spot size wb match the plasma wavelength,
wb ∼ cτ ∼ √a0/kp, and the bubble resembles a spherical cavity with rb = w0, cf. Section 4.3.
[9] is based on a similarity theory with the parameter S = nea0nc , valid for S  1 and a0 > 4.
In this extreme case, the acceleration is limited by pump depletion, and the self-injected electrons posses
a quasi-monoenergetic spectrum. Its predictions for important quantities is given in Table 1 labelled
under NL GP. [50] uses a more phenomenological approach, with the evolution of the driver including
etching effects (cf. Section 4.4.4), dephasing and beam loading, and is summarized in Table 1 under
"NL Lu". Its validity extends to lower laser intensities (a0 > 2) and is not restricted to self-injection10.
It shows good agreement with experimental results [94] and can also be applied for external injection
schemes. However, such scaling laws should be used with care, since they often overestimate experi-
mental parameters.
In Figure 7(b) the maximum energy gain WLuel (Eq. (57)) is plotted with respect to a0 and ne,0.
Again, the area below the white dotted line cannot be accessed without external guiding schemes.
The solid green line represents the matched beam condition (wb = 2
√
a0) for the parameters given in
the caption, while the dashed blue line (top axis) gives the corresponding spot size dFWHM (a0). As
long as the self-guiding takes place, the maximum gain is achieved for low electron densities by avoiding
dephasing effects. For example, for the same laser parameters (1.5 J, 28 fs) the optimized case (a0 = 4.3
and ne,0 = 5× 1018 cm−3) yields an energy gain of WLuel = 510 MeV, while WLuel = 380 MeV at
a0 = 6.3 and ne,0 = 10× 1018 cm−3 .
10A comparison reveals that both scalings predit similar energy around several 100 MeV’s to 1 GeV for ne,0/ncrit =
100− 1000 and P = (10− 100)TW and cτL ∼ λp. The accelerated charge is predicted to reach the nC regime - keeping in
mind that [9] assumes a severely loaded wakefield, while [50] assumes an unperturbed wakefield
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5 Experimental scalings
A remarkably simple pattern can be found for the experimental scaling of electron peak energy and
charge with laser energy and power. In Figure 9, all combinations between of these quantities are plot-
ted. Simple linear relations exist between the bunch energy or charge and the laser energy or power.
This allows a straightforward order-of-magnitude perfomance prediction of LWFAs for a given laser.
The dataset encompasses many different laser parameters, injection mechanisms, targets setups with or
without guiding, but the linear behaviour seems to be maintained up to the PW level. The dataset focuses
on quasi-monoenergetic spectra, and energies/charges are referring to the spectral peak.
10
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Fig. 9: Experimental results for energy and charge: Experimentally, the best results for electron peak energy
and charge closely follow extremely simple scaling laws with respect to the laser power and energy. Note that
these "laws" are no fit to the data, just lines to guide the eye. Data is based on 50+ publications on LWFA during
the last 15-20 years [95]
In summary, the following scalings seem to hold for the upper end of the point clouds in Fig. 9:
O(Epeak) ≈ 100 MeV / J ≈ 10 MeV / TW
O(Qpeak) ≈ 100 pC / J ≈ 3 pC / TW.
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6 Important equations
Table 2: Important quantities for LWFA expressed in physical and engineering formula
Quantity Definition Engineering Formula
Gaussian Laser Beam Parameters (a0)
Focal Spot 2w0= 4λLpi
f
D =
√
2
ln 2dFWHM w 1e2−Ø[µm] = f/# @λL = 0.8 µm
Confocal Parameter 2zR = 2piw20/λL ∆z[µm] = 2(f/#)
2 @λL = 0.8 µm
Peak Power P0 = 2
√
ln 2
pi
WL
tFWHM
P0[TW] = 940
WL[J]
tFWHM [fs]
P0 =
pi
4 ln 2d
2
FWHMI0 P0[TW] = 0.011d
2
FWHM [µm]I0[10
18 W
cm2
]
Peak Intensity I0 =
(
4 ln 2
pi
) 3
2 WL
tFWHMd2FWHM [µm]
I0[10
18 W
cm2
] = 83× 103 WL[J]
tFWHM [fs]d2FWHM [µm]
I0 =
2pi20m
2
ec
5
e2
a20
λ2L
I0[10
18 W
cm2
] = 1.37
a20
λ2L[µm]
Vector Potential a0 = epimec2
√
I0
20c
λL a0 = 0.85
√
I0[10
18 W cm−2]λL[µm]
Peak Electric Field E0 = ea0cmeωL E0[10
12 V/m] = 3.2 a0λL[µm]
Plasma Parameters (ne ∝ kp)
Plasma Wavelength ωp =
√
ne,0e2
me0
λp[µm] = 33.4√
ne,0[10
18 cm−3]
Wavebreaking Field Ep,0 =
mecωp
e Ep,0[GV m
−1] = 96
√
ne,0[10
18 cm−3]
Plasma Gamma Factor γp =
√
ncr
ne
γp = 33.4
1
ne,0[10
18 cm−3]λL[µm]
Critical Density ne,c = 0mee2 ω
2
L ne,c[cm
−3] = 1.1×10
21
λ2L[µm]
LWFA Parameters in the Bubble Regime (rb = 2
√
a0/kp)
Dephasing Length Ld = 23pi
√
a0λL
(
nc
ne,0
)3/2
Ld[mm] = 7.9
√
a0
(
λ
−4/3
L [µm]
ne,0[10
18 cm−3]
)3/2
Electric Field Ep=
mecωp
e
√
a0 Ep[GV m
−1] = 96
√
ne,0[10
18 cm−3]
√
a0
Electron Energy Wel = 2a03
(
nc
ne,0
)
mec
2 Wel[MeV] ≈ 380 a0ne,0[1018 cm−3]λ2L[µm]
Optimum Charge Qopt = pic
3
e2
√
m3e
3
0
ne,0
a
3
2
0 Qopt[pC] = 75
√
a30
ne,0[10
18 cm−3]
7 Summary
We reviewed the basic physics of LWFA, starting from a description of the laser field of a Gaussian
pulse, and the interaction of light with single atoms and electrons for extreme intensities, leading to
the concept of the ponderomotive force as a repulsive net force of intense light on electrons. It leads
to an expulsion of electrons from the laser axis, and the generation of moving plasma wave structure
trailing the pulse as it propagates through a plasma medium. This so-called wakefield consists of plasma-
electrons oscillating around their equilibrium position, a charge separation causing strong longitudinally
accelerating and transversely focusing electric fields. We reviewed the wakefield generation in a 1-D
analytical and 3D-phenomenological methods, and discussed the conditions and methods for trapping
electrons in the accelerating regions of the wave. Finally, we discussed theoretical and experimental
scaling laws for the process.
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